INTRODUCTION
Let 2 be a non-principal character modulo q, and let m, x) = c x(n). n<r
An upper bound for S(x, x) is given by the Polya-Vinogradov inequality [ 11, 131 , which states that holds uniformly in x and x. Apart from the value of the implied constant, this inequality has never been improved upon, although one conjectures (see [9] ) that the "correct" bound is S(x, x) 6 J;; log log 4.
In [7] we showed that for primitive non-principal characters 1 modulo q, ( 1.1) holds in the more precise form 
3) where the term "o( 1)" tends to zero, as q -+ co, uniformly in x modulo q. The previously best known bounds of the type (1.2), due to Landau [8] and Bateman (unpublished), had c + = l/n2 and c-= 1/(2x) as constants.
In the present paper we shall further reduce the value of the constant in (1.2) for the case x( -1) = 1 by a factor x/(2 fi) = 0.906..., with additional improvements for real-valued characters or characters to cubefree moduli. We shall actually prove a more general estimate for the size of the function S(x, x), which, apart from yielding improved values for the constant in (1.2), shows that S(x, x) becomes large only very rarely, and only when x/q is close to a rational number with small denominator.
Our method is more elaborate than that of [7] . As in [7] we shall make use of Burgess' character sum estimate and of an exponential sum estimate of Montgomery and Vaughan, but in addition we need sharp estimates for sums of multiplicative functions. Our main tool for estimating S(x, x) is an approximate identity, stated in the theorem below, which relates the character sum S(x, X) to a character sum of different type, namely where x, and x1 are defined in terms of x and x. The sum T(xi, x,) is easier to estimate, and the identity enables us to translate estimates for this sum into estimates for S(x, x).
For simplicity, we consider here only primitive non-principal characters, i.e., primitive characters modulo q, q3 3. If desired, this restriction could easily be removed, and the results stated below modified so as to hold for arbitrary non-principal characters x. However, the statements of some of the results would then become more complicated.
STATEMENT OF RESULTS
In order to state our main result, we need to introduce some notation, First we set
where r(x) is the Gaussian sum for the character 1,
and is the value of the associated L-function at s = 1. This definition is motivated by the fact that the second term on the right of (2.1) is equal to as can be easily shown. Thus, this term can be interpreted as a first approximation to S(x, x). Note that in the case x( -1) = 1 we have So(x, x) = xx, xl.
Next, given a primitive character 1 modulo q (q> 3), let tjO be a primitive character modulo k,,, 1 < k0 6 (log q)l18, such that
where the maximum is taken over all primitive characters $ modulo k, 1 <k < (log q)1/8. Note that we allow here the possibility k, = 1, J/o -1. As we shall show in Lemma 4 below, the character tiO is uniquely determined by (2.2), provided the maximum on the right-hand side is >c,(log q)"' for a suitable constant cO. Finally, given x > 1, we apply Dirichlet's Theorem to obtain integers r>O and s> 1 such that x r 4 =; + j?, (r, s) = 1, 1 <S < (log q)l", ISI G 1 s(iog qy (2.3) and set 1 x,=min m,q .
( 1 THEOREM.
With the above notation we have g(n) = (2 * &d(n) = c X(4 P d,n and the "0" constant is absolute.
Relation (2.5) shows that the behavior of S(x, x) depends strongly on diophantine approximation
properties of x/q. This type of behavior is typical for exponential sums; it is explained here by the fact that the function S(x, x) has a Fourier series expansion in the variable x/q and thus can be represented as an exponential sum (cf. Lemma 1 below).
We shall apply (2.5) to prove a number of "concrete" results on the behavior of the function S(x, x), and in particular on the size and location of its peaks. The first corollary shows that S(x, x) is of smaller order than &log q for all values x that are not too close to a rational number with small denominator. A consequence of this result is that S,(x, x) becomes large only very rarely. More precisely, we have COROLLARY 2. Let x be a primitive character module q (q > 3), and let (log q)-1'21 GE < 1. Then the set of real numbers a E [0, 11, for which lS,(x, aq)l>, E &log 4 holds, has Lebesgue measure 4qSc1", where c, is an absolute positive constant.
The next corollary implies that in the case x( -1) = 1 we have S(x, x) = so(x, xl = 0th log 4) if x = o(q). From relation (2.5) we shall derive the following relation between S,(x) and T*Wo). Using an upper bound for T*(x$~) or T(x$~) in (2.6) we can get an inequality of type (1.2) for S,(x). The sharpest known bounds for T(x$~), stated in Lemma 8 below, depend on Burgess' character sum estimate and, in the case of real-valued characters, an estimate for sums of multiplicative functions due to Pintz. These bounds lead to the following estimates for So(x ). Note that if x( -1) = 1, then S(x, X) = S,(x, x), so that (2.7) actually provides an upper bound for S(x, x). This bound supersedes that given by (1.2) and (1.3). For arbitrary primitive characters the improvement is relatively small, namely a factor 0.906..., but in the case of real-valued primitive characters we obtain an improvement by a factor 0.530... . An interesting special case arises if we take x(n) to be the Legendre symbol (n/p). If p is a prime satisfying p E 1 modulo 4, then x( -1) = (-l/p) = 1, and we obtain (2.7) and hence (1.2) with c, = c$?) = 0.0361 as constant. It can be shown that this value for c, is best possible if there is a sequence of primes p z 1 modulo 4, for which the least quadratic nonresidue modulo p is apa+'( where a = l/(4 &).
Thus, any further improvement of this constant would result in an improvement of the bound <p"+'(') for the least quadratic non-residue modulo p (which is a wellknown consequence of Burgess' character sum estimate [2] ) for primes p E 1 modulo 4, and hence seems to be an extremely difficult problem.
LEMMAS
The first lemma gives a Fourier series expansion for the function S(x, x). An expansion of this type forms the basis of all known proofs of the PolyaVinogradov inequality. We shall use here a quantitative form that is essentially due to Pblya ([ll] ; see also [9, Lemma l] and the subsequent remark). Recall that by (2.1) we have S(x9 x) = So(x, x) + a0
> -LEMMA 1. Let 1 be a primitive character module q (q 3 3). Then we have, for any x > 1 and H > 1,
where a = x/q, e(an) = exp(2nian), and the implied constant is absolute.
The next resuit, due to Montgomery and Vaughan, will be used to estimate the exponential sum appearing-on the right-hand side of (3.1).
LEMMA 2 [9, Corollary 11. Let N be a positive integer, let 2 < R < fi, and suppose that a is a real number satisfying Ia -(r/s)1 < R/(sN), where r and s are coprime integers, R < s < N/R. Then we have, for any multiplicative function f satisfying ( f 1 6 1, where the implied constant is absolute.
The following result is a well-known and useful estimate for sums of nonnegative multiplicative functions that was originally proved, under more restrictive assumptions, by Hall [6] and later generalized by Halberstam and Richert [5] . We state here a weakened form of [S, Theorem 21. We shall use this lemma to establish the following result, which shows that the quantity T(x, +) = SUP.~> i IT(&, x)1 appearing in (2.2) becomes large for at most one primitive character tj modulo k, 1 <k < (log q)l/*. This character, if it exists, must be the character eO appearing in the statement of the theorem. LEMMA 4. Let x be a primitive character modulo q (q 2 3). Then there exists at most one primitive character t+!r module k, 1 <k d (log q)l18, for which the bound
fails to hold, provided c0 is a sufficiently large absolute constant. Moreover, if x is real-valued, then (3.2) holds .for all primitive non-real characters II/ module k, 1 <k < (log q)"'.
Proof Let x be as in the lemma 1 9 k $ (log q)"8, then xll/ is a Therefore sup C xti(n) To estimate T(x$, x), we start out with the bound 
PG4
We shall presently show that for all except at most one primitive characters $ modulo k, 1 6 k 6 (log q)'18, we have L(yQ) < 3.5 log log q + O(l), (3.5) the implied constant being absolute. If (3.5) holds, then Cauchy's inequality yields for the right-hand side of (3.4) the bound
exp((3S(log log q)(log log x + O(l)))'/*} + 1
where A = log log x/log log q. Our assumption (3.3) implies that 7/8 < 1, < 1, and since max (&Z--A)=;, 7/S S A S 1 the bound is of order O((log q)7'8), as required. It remains to prove the above claim. To get a contradiction, suppose that L(tii) 2 3.5 log log q + K (3.6) holds for two distinct primitive characters tii modulo kj, 14 ki< (log q)'j8 (i = 1,2) with an absolute constant K that will be specified later. Using the inequality I1 + xh(p)l* + I1 + xIC/~(P)I* G4 + 2 IWxWp) + x$~(P))I <4+2 III/,(P)+~*(PN~ we deduce from (3.6)
say. By Cauchy's inequality we have Since rc/i and ti2 were assumed to be distinct primitive characters to moduli
is a non-principal character to a modulus <(log 4)"". Hence, by partial summation and a straightforward application of the Siegel-Walfisz theorem, we see that c W2(P)= PG4 P J,q ( c W2(P)) $= 4loglog 4), PCI as q -+ a3, uniformly in x, $i, and rj2, It follows that Inserting this bound into (3.7) yields the desired contradiction, provided the constant K is sufficiently large. Thus we have shown that (3.2) holds for all except at most one primitive characters $ modulo k, 1 <k < (log q)l'*.
It remains to prove the second assertion of the lemma, namely that in the case x is a real-valued character, (3.2) holds for all non-real primitive characters $ modulo k, 1 d k < (log q)"'. Following the preceding argument, we see that it suffices to prove (3.5) for all such characters #. We first note that if x is a real character, then =2loglogq+0(1)+2L,, say. Thus, to obtain (3.5) it suffices to show that L,<,$loglogq+0(1).
To this end we write the sum L, in the form the same bound holds for the second error term in (3.9). The asserted estimate now follows.
The next result is a version of Burgess' celebrated character sum estimate. LEMMA 6 . Let E be a fixed positive number. Then there exists a positive number 6 such that for any non-principal character x module q the estimate (3.10) holds with 0 = l/3, and if q is cubefree or x real-valued, with 0 = l/4.
Burgess originally proved that (3.10) holds with 0 = l/4 for primitive characters to cubefree moduli, as well as for real-valued primitive characters (cf. Theorem 1 and corollary in Cl]). In a subsequent paper [2] he showed that the assumption that x is primitive can be dropped in both cases. (In the case of real-valued characters, this is not stated explicitly in [2] H owever, noting that under the assumptions of the lemma the function g = f * 1 is non-negative and hence 1 f(n)=1 C g(n)+0(1)20(1), n<x n X"<.X we see that Pintz' theorem actually holds in the stronger form stated in the lemma.
Pintz used this result together with Burgess' character sum estimate to prove a sharp upper bound for L( 1, x) in the case of real-valued characters x. His method actually yields sharp bounds for T(r), as we shall show in the following lemma. .12) where c has the same meaning as in the lemma.
For the proof of (3.12) we shall use Burgess' estimate (3.10) and in the case of real-valued characters x also Pintz' result (Lemma 7). We first show that for any fixed E > 0 the bound holds, where 0 is defined as in Lemma 6. We have c f(n)= c c x(n)= 1 c x(n) c p(f)
Estimating the inner sums trivially if dt > qEj2, and by Lemma 6 if dt < q"*, we obtain for x 3 q'+' the bound which proves (3.13 ).
Using (3.13) and partial summation, we see that, for q' + ' d x < q, (3. 14)
It follows that (3.12) holds with c= 0, i.e., with c= l/4 in the case q is cubefree and c = l/3 for arbitrary moduli q. This establishes the lirst part of the lemma. Next, suppose that x is real-valued so that 6'= l/4 in Lemma 6. In this case we can improve upon the value c = O( = l/4) by appealing to Lemma 7. In view of the bound (3.13), Lemma 7 yields (3.12) with c=(O+E)(2-2/d) for x=qefE. By (3.14) the same bound holds for q2x>q"'".
It therefore remains to prove (3.12) for x< q'+'. To this end note that if CnGx f( ) n is non-negative on some interval [x1, xJ, then we have, for x1 < x < x2, This implies that sup c $%sup c fo+O(l),
where E is the set Since (cf. the remarks following Lemma 7)
for any x, and by Lemma 6 cf'")9 2-
for XE E, we obtain the bound (3.12) with c = (6 +.s)(2-2/G) for any x 2 1. Since E > 0 was arbitrary, (3.12) holds in fact with c = O(2 -2/A) = (l/4)(2 -2/G), as we had to show.
PROOF OF THE THEOREM
We fix a primitive character x modulo q (q > 3), a real number x > 1, and integers r 2 0 and s >, 1 satisfying (2.3). With x1 defined by (2.4), we set x2 = min(x,(log q)', q) = min (J$y$> 4)
where fl = x/q -r/s. Applying Lemma 1 with H = q, we get
where a =x/q. We split the sum over n into three parts x1, Cz, and x3, corresponding to the ranges 0 < InI <x1, x1 < InI <x,, and x2 < InI <q. Our first goal is to prove that Cz and x3 contribute a negligible amount, i.e., that &J(x, x) = -yJ 1, + O(&log q)'9'20). For the sum x2, the crude estimate is sufficient. To estimate the sum x3 we have to proceed more carefully. We may assume that I/II 2 (logq)*/q and hence x2= (logq)*/I~l, since otherwise this sum is empty. Partial summation yields Hence, to obtain the required bound 4 (log q)19'*', it sufices to show that for x,dt<q we have (4.2) the implied constant being absolute.
We shall prove (4.2) by appealing to Lemma 2. We fix a number t in the range x2 < t <q and choose by Dirichlet's theorem integers r, and s, such that The error term here is of order O(log* s) = O((log q)lj4), which is accep- O<lml<.q where r($) is the Gaussian sum for the character I,$. We next introduce primitive characters in the sum (4.3). Each character IJ modulo k in this sum is equivalent to a unique primitive character $* modulo k*, where k* 1 k. In terms of (I/*, the Gaussian sum t(tt/) is given by (cf. c4, p. G log log& + 2)(log q)7'8 4 (log log q)(log q)"" except possibly in the case $* = eo, where tie is the character appearing in the statement of the theorem. Hence, the total contribution to (4.3) of those characters $, for which $* #tie, can be estimated by e dk=s f JQlog log q)(log q)7'8 < (log s) &log log q)(log q)7'8, which is of order O((log q)"'*'), since s < (log q)1'8. Thus the contribution from these characters is negligible. The characters $ with tj* = Go will give rise to the main term in (2.5). If k,ls, then there is no such character, and we obtain the bound a&% 4) 1 19j2' for C,, which yields (2.5) in this case. Suppose therefore that k, I s. Then for every divisor kJs with k,) k there exists exactly one character r+G with II/* = tie. The contribution of these characters to (4. , 0 6 r < s, where q = c2q-cJe. The union of these intervals has measure 4q(log q)"" = c,q-""(log qy4, which is of the required order O,(q-c'E) if we take c1 = cJ2, say.
To prove Corollary 3, we choose a primitive character i+Go modulo k. as in the theorem corresponding to the given character x. Since by hypothesis x(-1)=1, we h ave E(x$~) = E(X) =0 in the case ko= 1. In this case the asserted estimate follows directly from (2.5). We may therefore assume that k, > 1, and hence (cl0 & 1. Let now r > 0 and s 2 1 be chosen as in the theorem with x= Eq. If r = 0 then G,(r) = 1,&~(0) =O, and we obtain again the asserted bound from (2. The asserted estimate follows from (5.2), (5.3), and (5.4). It remains to prove Corollary 5. In view of Corollary 4, it s&ices to show that (5.5) where c* is defined as in the corollary. We may assume here that $0(-l)= -x(-l), (5.6) for otherwise E(x$~) = 0 and (5. Finally, we consider the case when x is a real-valued primitive character. We may then assume that the character Il/,, is real-valued too, for otherwise Lemma 4 yields the bound O((log q)"*) for T(x$& and (5.5) holds trivially. Therefore xtiO is a real-vaiued character modulo [q, k,] , and estimating T(xtiO) by the second part of Lemma 8, we obtain (5.7) with l/3 replaced by (2 -2/&)/4. This improves the constants in (5.5) by a factor WM2 -214% t o ck = (3/2 -3/(2 A)) c$') = c(:), and hence yields the required estimate.
